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Abstract
Values for the elastic constants c11 , c12 and c44 of thorium were determined over the temperature range from
80 to 370 degrees K. by ultrasonic measurements on single crystals. Two crystals were prepared by the strain
anneal method. One crystal was cut in the form of a circular plate about 0.7 inch in diameter and 0.06 inch
thick. The [111] direction of the crystal was perpendicular to the sample face. Measurements on this crystal
with a resonance technique produced values for the stiffness coefficient in the [111] direction. This stiffness
coefficient is a function of all three elastic constants.
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ELASTIC CONSTANTS OF THORIUM SINGLE CRYSTALS-:~ 
Philip E. Armstrong and 0. N. Carlson 
ABSTRACT 
Values for the elastic constants c11 , c12 and c44 of 
thorium were determined over the temperature range from 80 to 
370 degrees K. by ultrasonic measurements on single crystals. 
Two cryst a ls were p repared by the strain anneal method. One 
cry stal was cut in the form of a circular plate about 0 .7 
inch in diameter and 0 . 06 inch thick. The UJ~ direction 
of the crystal was perpendicular to the sample face. Measure-
ments on this crystal with a resonance technique produced 
values for the stiffness coefficient in the (11~ direction. 
This stiffness coefficient is a function of all three elastic 
constants: 
= ___ c~l~l __ +_2_c~l~2~+ __ 4_c~44~--· 
3 
The other crystal was in the form of a plate 0.28 inch· 
t hi ck, 0.5 inch,· , wi de and 1.0 inch long. The direction 
perpendicular to the 0.5 by 1.0 inch face was found to lie 
" i\ 
This report is based on a Ph. D. t hesis by Philip E . Armstrong 
submitted June, 1957, to Iowa State College, Ames, Iowa. This 
work was done under contract with the Atomic Energy Commission. 
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between the ~l~ and ~0~ directions and close to the (Oll) 
plane by the back reflection Laue X-ray method. The cosines 
of this direction were determined. Measurements of the 
velocities of the longitudinal mode and the two shear modes 
that could be propagated in this direction were obtained by 
the ultrasonic pulse-echo technique. Trial values for the 
elastic constants were calculated from the direction cosines 
and the velocity measurements, using a perturbation solution 
of the equations of motion in a skew direction, as outlined 
by Neighbours and Smith (29). These elastic constants were 
used to calculate values for the stiffness coefficient in 
the ~l~ direction. These values were compared with the 
results obtained from the resonance method. The differ-
ences were assumed to be caused by systematic transit time 
errors in the pulse-echo method. Allowance for these system-
atic errors was made by applying small corrections to the 
measured echo transit times, in proportion to the magnitudes 
of the times. The .,corrected transit times were used to 
calculate velocities from which values were obtained for the 
elastic constants. At 300 degrees K., c11 : 7 .53 x 10ll 
dyne-cm-2, c12 = 4.89 x 1011 dyne-cm-2 and c 44 = 4.78 x loll 
dyne-cm-2 . The maximum uncertainty in these values is about 
one per cent. A value of compressibility of 17 .3 x lo-13 
cm2-dyne-l and a value of the anisotropy term, ___ 2_0_4_4 _________ , 
c 1 ~c 
of 3. 62 were calculated from the elastic constant~. ~ 12 
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I. INTRODUCTION 
The element thorium is .of world-wide interest in the 
field of atomic energy. Its nucleus (Th232 ) can react with 
a neutron to produce Th233 which is transformed into u233 by 
subsequent~radioactive disintegrations. u233 is fissionable 
and thus can be used as an atomic fuel, The metallurgy of 
thorium has shown a corresponding development, and many of 
the physical and chemical properties of this metal are known. 
While the elastic constants have been reported for the 
polycrystalline material, no information on the single crystal 
elastic moduli has been published. 
Metals that are composed of fine, randomly oriented 
grains are assumed to behave isotropically and to obey Hooke's 
law of linear proportionality between stress and strain. 
Under these conditions only two constants are required to 
describe elastic behavior. The constants generally reported 
are Young's modulus, E, shear modulus, G and Poisson's ratio, 
a-. It can be shown that a relationship exists between 
these constants, such that only two of the three need to be 
specified. The grains in a polycrystalline metal are single 
crystals which generally are not isotropic. Depending on the 
crystal class, as many as 21 constants may be necessary to 
describe crystalline elastic behavior. For a cubic metal 
such as thorium, only three constants are required, 
2 
Knowledge of these single crystal elastic constants is 
useful in predicting elastic behavior of the polycrystalline 
metal when the assumption of isotropy is no longer valid. 
This isotropy can be destroyed by any operation which intro-
duces a preferred orientation in the grain structure of the 
metal. 
The elastic properties have a relationship to the energy 
distribution in the crystalline lattice. A knowledge of the 
magnitude and also the temperature dependence of the elastic 
constants is therefore useful in theoretical energy calcula-
tions. 
This investigation is an attempt to determine the room 
temperature values of the single crystal elastic moduli of 
thorium and to obtain some information on their temperature 
dependence. 
II. REVIEW OF THE LITERATURE 
At the start of this investigation the literature was 
searched for (1) information concerning previous elastic 
measurements on thorium, (2) an explanation of the theory and 
practice of crystal growth, (3) detailed discussions on 
ultrasonic methods for determining elastic constants and (4) 
an exposition of elastic theory as it pertained to elastic 
constant measurement. A comprehensive survey of existing 
information on the metallurgy of thorium had been carried out 
3 
by the Metallurgy Staff of this Laporatory. This information 
was presented at the Inter~ational Conference on The Peaceful 
Uses of Atomic Energy (1) held in Geneva in 1956. Table 1 
presents a tabulation of pertinent physical properties as 
reported in this reference. No data on single crystal elastic 
constants were reported in the compilation of this information. 
An additional search of the more recent literature revealed 
nothing on this ?Ubject. 
The second part of the search concerned crystal growth 
techniques. An analysis of the various techniques was given 
by Chalmers (2) in 1953, while the production of single crystals 
of nickel from the melt was described by Gow and Chalmers (3) 
in 1951 and Pearson ( 4) in 1953. The general technique ·.,; 
consisted of cooling the molten metal such that solidification 
occurred initially at only one point, favoring the development 
of one solid crystal nucleus. Further removal of heat was 
carried out through the liquid-solid interface, causing the 
single initial nucleus to grow into one large single crystal. 
The use of crucibles wi·th sharply pointed conical bottoms 
was found to produce the necessary solidification pattern. 
The preparation of small single crystals of titanium by 
solid state methods was described by Churchman (5) in 1953 
and by Anderson (6 ) in 1953. The method used by Anderson 
was to heat polycrystalline samples above the transformation 
from the alpha to beta phase. This treatment was followed 
by a long anneal at temperatures just below the transformation. 
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Table l. Physical properties of thorium 
Crystal system 
F.C.C. up to 1400 C 
B.C.C. 1400 C to M.P. 
Density 
Theoretical (lattice 
parameter)' 
Arc melted crystal bar 
Elastic constants (typical 
values) 
Young's modulus 
Shear modulus 
Poisson's ratio 
Compressibility 
Melting point 
Heat of fusion 
0 
a 0 (25 C) = 5.086 ± 0.0005 A 
a 0 (l450l;C) = 4.11 ± 0.01 A 
11.72 g/cm3 
11.66 g/cm3 
10.5 x 1g6 psi 
4.0 x 10 psi 
0.27 ..13 
16.4 x 10 - cm2 - dyne-l 
1750 c 
4.6 kcal/mol 
Crystals obtained by this method were less than one centimeter 
in diamteter. Sato (7) in 1956 reported the growth of iron 
crystals in sizes up to l. 5 inches in dian,e ter, using a strain-
anneal method. 
The pr.oblem of crucible materials to contain molten 
thorium was studied by Dullian and Fitzsimmons (8) in 1954. 
The results of this investigation indicated that the pure 
oxides Zro2 and BeO will contain the molten metal at 1800 
degrees c., but that a reaction layer is formed at the metal-
oxide interface. 
The third part of this survey concerned the experimental 
techniques available for determining elastic constants. It 
was shown by Love (9, p. 293) that the elastic constants can 
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be calculated from a knowledge of sound velocities as 
functions of lattice direction. A general review of sonic 
methods was given by Mason (10, p. 390) in 1950. Similar 
reviews were given by Bearman (11) in 1946, by Rust (12) in 
1954 and by Hueter and Bolt (13) in 1955. The pulse-echo 
method that was first described by Firestone (14) in 1946 
has been used by Huntington (15), Galt (16), Lazarus (17), 
Neighbours, et al. (18) and Overton and Gaffney (19). The 
popularity of this method is an indication of its excellent 
precision and convenience. However, there is an inherent 
error in the technique that must be determined and corrected 
before the maximum precision of the method can be realized. 
In this method a pulse of high frequency sound waves is 
applied to the sample via a quartz transducer. The pulse 
is reflected at the opposite face of the sample and the 
resulting echo activates the transducer. A voltage pulse 
is generated by the transducer and recorded electronically. 
The time elapsed between the intial pulse and the echo is 
considered to be the trarnit time of the pulse through twice 
the thickness of the sample. From the transit time and 
sample thickness a velocity can be calculated. In practice 
the quartz is attached to the sample with a couplant, The 
pulses must travel through this couplant, a process requiring 
a finite although indefinite time. This time must somehow 
be measured and subtracted from the observed transit times 
before a true velocity can be calculated. This correction 
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was calculated in the references cited by measurement of the 
transit times for samples that were identical except for length. 
A plot of reciprocal thickness versus transit times was used 
to determine the necessary correction. Another and perhaps 
more satisfying method o.f deducing this correction would be 
to compare the results of the pulse-echo measurement with an 
independent measurement which does not have this inherent 
error. 
The other general ultrasonic technique is one in which 
the sample is excited to resonance by a transducer. A .. 
resonance technique had been described by McSkimin (20). A 
particularly simple method was used to measure the elastic 
constants of diamond by Bhagavantam and Bhimasenachar (21) in 
1944. A series of measurements on metals and ceramics were 
reported periodically by the same authors and by others from 
the same laboratory (22, 23 and 24). The technique required 
a minimum of apparatusbut seemed to be capable of producing 
.. 
precise results. The requfred sample size can be as small 
as 1.5 centimeters in diameter by 0.1 centimeter in thickness, 
or larger. The specimen was saspended on the surface of a 
liquid bath, with a transducer making contact with its upper 
face. A continuous sine wave of varying frequency was applied 
to this transducer, ·forcing it to vibrate at the impressed 
frequency. Sample resonances produced an increase in the 
intensity of the sound beam transmitted from the transducer 
through the sample into the liquid. This intensity increase 
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was detected by observing the change in an optical diffraction 
effect in the liquid as first reported by Debye and Sears (25) 
in 1932. Resonances were assumed to occur when twice the 
thickness of the sample was equal to an integral number of 
wave lengths. Measurements of the frequency at resonance, the 
harmonic number of the resonance, and sample thickness permit 
the calculation of the velocity of sound in the sample. The 
resonance technique is concerned with resonances entirely .: \ 
within the sample, and no transit time correction is necessary 
as for the pulse-echo method. A combination of the two 
techniques would permit measurement of transit times by the 
convenient pulse-echo technique and application of the 
necessary correction to these times by comparison with an 
independent velocity measurement. 
The fourth part of this review concerned elastic theory. 
Books by Love (9), Cady (26 ), Mason (10) and Kittel (27) were 
consulted for the general theory. Articles by Arenbergy (28), 
Neighbours and Smith (29) and Neighbours et al. (18) were 
consulted for the specific application of elastic theory to 
skew direction measurements. A summary of the theory as it 
pertains to the measurements taken in this investigation is 
given in the following section. 
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III. APPLICATION OFdELASTIC THEORY TO 
ULTRASONIC MEASUREMENTS 
Hooke's Generalized Law of the proportionality of 
stress and strain is expressed in the following statement: 
each of the six components of stress at any point i n a body 
is a linear function of the s ix components of strain a t that 
point. Let X, Yy' Z , Y , Z and X repres ent t he s ix _components 
X Z Z X y 
of stress, where the capital letter indicates the direction 
of the force and the subscript the direction normal t o t he 
surface on which the force acts. Also let exx' eyy' e 22 , eyz' 
and exy indicate components of strain such t hat if a point 
whose coordinates are x, y, z, is altered by stratn x + u , 
y + v, z + w, the following relations are ture: 
e 
zx 
exx - ----~~-----u __ , e -0 X yy - 0 v ·---d y , ~ w d z 
0 w \ v --------~----- + ------~~~z-0 y 0 
exy = ~ v 6 u 
-------'6=---.x....--- + ___ ?J_Y_ 
Then Hooke's law can be expressed as: 
' ezx - ---=d..._-:o:u--- + b z 
6 w 
dx 
Xx = cllexx + cl2eYY + cl3ezz + cl4eYZ + cl5ezx + c16exy 
XY = c2lexx + c22eYY + c23ezz + c24eyz + c2Se zx + c26exy 
2z = c3lexx + c32eyy + c33e~z + c34eyz + c35e zx + c36exy 
yz - c4lexx + c42eyy + c43ezz + c44eyz + c45ezx + c46exy 
2x = c51exx + c52eyy + c53ezz + c54eyz + c55ezx + c56exy 
Xy - c61exx + c 62eyy + c63ezz + c64eyz + c65ezx + c66exy· 
, 
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The terms cij are called the elastic constants, or alternatively, 
the elastic stiffness coefficients. It can be shown that 
cij = cji since the strain resulting from a positive or negative 
stress has the same magnitude. This relationship reduces 
the number of independent constants from 36 to 21. No re-
s tnc.ti6J?.~, , other than Hooke's law, have been thus far imposed 
as to the properties of the solid. 
::For··:each symmetry element J?OSsessed by a solid, another 
relationship between the coefficients exists, further reducing 
the number of necessary constants. The reference axes (X, Y, Z) 
are picked to coincide with the symmetry axes of the solid in 
order to express the symmetry relationships in simple terms~ 
In the cubic system the following matrix is obtained for the 
elastic coefficients: 
0 
0 
0 
0 
For an isotropic material 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
a further relationship exists: 
ell - c12 
2 
Thus :only two independent constants are required to describe 
the elastic behavior of an isotropic solid. 
The propagation of a plane wave through an elastic body 
can be e~pressed by the equation: 
10 
2 ;0 v = Q 
where ~ = density of the solid, 
v = velocity of wave propagation and 
Q = a stiffness coefficient. 
The stiffness coefficient, Q, is a function of the mode of 
propagation, the direction of propagation and the elastic 
constants of the solid body in which the wave that can be 
propagated in a solid are described as longitudinal and shear. 
In a longitudinal wave a point on the wavefront is di~placed 
in the direction of propagation. In a shear wave a point 
on the wavefront is displaced perpendicularly to the propa-
gation direction. This displacement can be in any direction 
in the plane perpendicular to the direction of propagation. 
This direction is referred to as the shear polarization. 
Both the direction of propagation and the polarization m~st 
be specified in order to fully describe a shear wave. A shear 
wave passing through the lattice is resolved into components 
traveling at velocities corresponding to t wo lattice shear 
modes. These modes are properties of the lattice symmetry 
only, and occur a t. ~-r;ight . angles to each other. The velocities 
for these two modes are not equal except for specific lattice 
directions of high symmetry. 
In the cubic system, wave propagation in the 100, 110 and 
111 directions depends on :stiffness coefficients which are 
simple functions of the elastic constants: 
ll 
Qlongitudinal, 100 - ell -
Qshear, 100 = c44' shear modes degenerate 
Qlongitudinal, 110 = ell + cl2 + 2c44 ' I 
Qshear, 2 110 
polarized in 100 = c44 
Q 110 shear, 
ell polarized in Oll = - cl2 
2 
Qlongi tudl$1-, ell + 2cl2 + 4c44 lll = 
3 
Qshear, ell - cl2 + c44 lll = shear modes 
' 3 degenerate. 
In the 100 and lll directions only one shear velocity exis t s, 
since the symme t ry in these directions causes the two expec ted 
modes to be identical . 
Propagation of a plane wave in a ger.eral direction in a 
cubic lattice can be expressed in terms bf the elastic con-
stants ell' c12 and c44 and the direction cosines of a set 
of reference axes with respect to the crystallographic axes . 
Chossing X', Y' and Z' for the reference axes and X' as the 
direction of propagation, 
~ a2 u' 
0 t 2 
62 v' Eq s . ~ ___.::...---__ 
.., C I ll 
the equations of 
6 2 u' 
d x'2 + cl6' 
motion are: 
6 2 v' 
6 x'2 
~2 v' 2 w' 
d " tc. + c56 ' a 0 x'2 0 x' 2 
2 W' 0 
~ t2 
0 2 v' 2 6 w' + c55' 
'ox 
,2 
Ox' 2 
where cij can be expressed in terms of c11 , c12 and c 44 a nd 
12 
the direction cosines of the reference axes. The secular 
equation obtained from the above equations is: 
c I - ;?v2 c16 
I c 
11 15 
c16 I c66 I - ,..v2 c58 I = 0. 
cl5 I c 56 c55 
I 
- ;Pv2 
This equation can be solved by the perturbation method (29 ) 
to give the roots: 
Eqs. II 
c ')} 55 
The cij' terms can be expressed as functions of c11 , c12, c 44 
and the direction cosines of the reference axes X', Y' and Z' 
with respect to the crystallographic axes, X, Y and Z. The 
velocities, v1 , v and v , can be measured by ultrasonic 2 3 
methods. The direction cosines can be determined for the 
+ 
13 
particular propagation direction, X1 , by X-ray techniques. 
This propagation direction is perpendicular to the sample 
surface. 
Upon evaluation and substitution of the c ' and direction ij 
cosines, the Equations II are reduced to three equations in 
the three unknowns, c11 , c12 and c 44 . An algebraic solution 
is not practical, but the nature of the equations is such 
that the process of iteration produces the solution in about 
five steps. The perturbation terms in brackets are small in 
comparison with the terms,~v2 , and the equations can be 
written in the form: 
A ell + B cl2 + c c 44 = r'vl2 - a 
D ell + E cl2 + F c 44 = ;::'v22 - b 
G ell + H cl2 + I -~ 2 c44 - v3 - c 
where A, B, ... , I, are numerical coefficients, and the terms 
a, b and c represent the perturbation correction terms con-
tained in the brackets in Equations II. A trial solution is 
obtained by setting a, b and c equal to zero and solving the 
equations algebraically. The values of c11 , c12 and c44 
obtained in this solution are used to evaluate the terms a, 
b and c. Thes·e terms are subtracted from the ;:;v2 values 
and the algebraic solution repeated. The process is continued 
until two consecutive trials yield the same answers for c11 , 
c12 and c 44 . 
The remaining step is to express the cijr terms as 
functions of the c i j· This deri vation is based on the fact 
14 
that these constants are fourth order tensors. The transfor-
mation from one reference system to the other is carried out 
with a transformation matrix of the form: 
X y z 
X' 11 ml nl 
yr 12 m2 n2 
zr 13 m3 n3 
where 1., 
1. m. 1. 
and ni are direction cosines. 
In setting up this matrix, one important precaution must 
be taken. The perturbation solution is based on the assumption 
that the magnitudes of the correction terms in the brackets 
in Equations II are much less than unity. When this condition 
is satisfied the corrections are in the form of a rapidly 
converging power series. In this case only the first two 
terms of the series are necessary for a close approximation 
of the exact equations of motion, I. This is as far as the 
perturbation corrections have been evaluated in Equations II. 
The perturbation correction terms will be small when the shear 
vibration modes of the crystal are close to the directions of 
v' and ur in the equations of motion, I. These equations are 
based on a propagation direction of X', resulting i n shear 
polarizations of Y' and zr. The direction X' is defined by 
the direction cosines 11 , m1 and n1 which are obtained from 
the X-ray determination of the direction perpendicular to the 
sample face. One other primed axis can be arbitrarily assigned 
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any direction in a plane perpendicular to X'. This choice 
must be made in such a way that the actual crystal vibration 
modes agree with the directions Y' and Z'. 
As an example, if the propagation direction is close to 
the ~l~ direction, the Y' axis is chosen to lie in the 
(001) plane. The reason for this choice is that the shear 
mode polarizations for the [!ro] direction lie parallel to 
and perpendicular to the (001) plane. The transformation 
matrix then becomes: 
X y z 
X' ll ml nl 
yr 12 ~ 0 
Z' 13 m3 n3 
Setting n2 equal to zero restricts the Y' axis to a position 
in the (001) plane. Each term in this matrix can be expressed 
in terms of 11 , m1. and n1 through application of the properties 
of direction cosines in an orthogonal system. The above matrix 
was used by Neighbours and Smith (29) for interpreting 
measurements on skew cut crystals of nickel. 
This matrix could not be applied to calculations on the 
thorium crystal grown for the present experiments since it 
does not satisfy the requirement that the perturbation 
corrections be small. The thorium crystal was oriented such 
that the direction of propagation was between the Qr~ and 
[roo] directions and close to the (Oll) plane which contains 
these two directions. Since the shear modes are degenerate 
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in both the \!1~ and Q:o~ directions, it was assumed 
that the crystal vibration modes would lie in and perpendicular 
to the (Oil) plane. This assumption was verified by later 
experiments. A transformation matrix for this case would 
have the Y' axis. in the ( Oll) plane. This restriction is 
realized by letting m2 = n2 . The expression of the matrix 
in terms of 1 1 , m1 and n, requires the following equations: 
.1. 
= {-l-+_l_2_a_,2..,..--
a{I: + ~a2 
n2 = -a~f _____ l ___ 2__ _ 
· Y 1-: + 2a 
~-------------------
13 = a(-b + 1)~ 1 2 
m3 ~ 1 = - nl :-:: m~ b 2 ,.L + b2 + 1 
11 
=~ 1 n3 n - m1 b 1 + b2 + 1 
1 1 
[m1 1 J where a - ·-1 - + nl 
nl 
-1- +a 
b = 1 m 
a-:-+ 
l 
11 
17 
The following expressions were derived for the primed elastic 
constants, using the general transformation matrix: 
cl6 1 = (112122 + ml 2 m22 + nl2 n22)(cll - cl2) + 
(l - 21 2 l 2 l 2 
2 2 2 . 2) 
- 2m1 m2 - 2n1 n2 c 44 
I (112 l 2 + m 2 m 2 + 2 n32 )(cll - cl2) + c55 = nl 3 l 3 
(i - 21 2 l 2 - 2m 2 2 2 2) l 3 l m3 - 2nl n3 c44 
cl5 I = (113 13 + m 3 m2 + n 3 n3)cll + l l 
(112 2 ll 13 + l 2 2 . 13 + ml m3 + ml l nl n3 + nl -.-11 
m 2 l nl n3 + 
n 2 l ml m3) ( cl2 + 2c44) 
c16 
I 
= (nl l l+ ml m2 + n2 n2)cll + (ll ml m2 + ml ll 12 + 
2 2 
ll nl n2 + nl ll 12 + m 2 l nl n2 + nl3 ml m2) 
(cl2 + 2c44) 
c56 
I 
= (l 2 12 13 + m 2 m2 m3 + 2 n3)cll + (ll 13 l l nl n2 
ml m2 +m 
· l m2 ll 12 + ll 13 nl n2 + nl n2 ll 13 + 
ml m3 nl n2 + nl n 3 ml m2)cl2 + 011 13 ml m2 + 
ml m3 ll 12 + ll 13 nl n2 + nl n3 ll 13 + 
ml m3 nl n2 + nl n3 ml m3) - ( 112 ll 13 + 
ml 
2 
m2 m3 + 2 nl n2 n2)J c44 • 
In the solution of Equations II, numerical values were 
obtained for all of the direction cosines from the measured 
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values of 11 , m1 and n1 , which are the cosines of the direction 
perpendicular to the sample face. Then numerical values were 
.. . 
obtained for the coefficients err the ciJ terms in the above 
expressions for ciJ'• The first trial set of c11, c12 and 
c4~ values was substituted in the equations for ciJ'· The 
resulting numerical values were substituted in Equation II 
for the next calculation. The process was repeated until a 
!' 
consistent solution was obtained. 
IV. PREPARATION AND CHARACTERIZATION OF 
SINGLE CRYSTALS 
A. Materials 
The presence of even small amounts of an isoluble 
impurity is detrimental to large crystal growth in any metal, 
since in the case of growth from the melt the impurities 
serve as unwanted nuclei for inhomogeneous nucleation, and 
in the case of solid state gra~n growth, serve to prevent 
the necessar.i~m1grat1on of grain boundaries. In initial 
experiments, thorium metal made in the Ames Laboratory was 
used. The metal had been reauced f'rom the tetrachloride by 
reduction with magnesium, thus forming a thorium-magnesi~ 
. . 
alloy. This process has been described by Carlsen, et al. 
(1, p. 77). Subsequent heating under high vacuum volatilized 
most of the magnesium, leaving the thorium in a massive, 
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although porous condition. This material was leached with 
nitric acid containing a small amount of sodium fluosilicate 
as a catalyst, washed with water and dried. The metal was 
consolidated by arc melting under reduced pressures of helium. 
Most of the residual volatile impurities were removed by 
this operation. Absolute pressures of about five inches 
of mercury were used, the melting being done on a water-
cooled copper plate using a tungsten-tipped electrode. The 
total of impurities in this material was approximately 0.1 
per cent. 
Later a small quantity of crystal bar thorium was 
obtained from the Battelle Memorial Institute. The process 
used consisted of reacting iodine vapor with thorium metal 
in an evacuated furnace and simultaneously decomposing the 
resulting volatile tetraiodide on a hot thorium wire. This 
process produced round bars of crystalline thorium about 
one quarter of an inch in diameter. This material was also 
arc melted under reduced helium pressure. No detectable 
volatilization was observed, however, and this step was used 
merely as a means of fabricating the metal into a shape 
suitable for the crystal growth process. 
B. Crystal Growth Furnace 
The growth of large metallic crystals required first 
of all a means of producing a steep, highly stable, control-
lable temperature gradient in the metal sample while the 
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sample is heated to temperatures up to a few degrees above 
its melting point. The production of steep temperature 
gradients in metals, with their high thermal conductivities, 
unavoidably entails the consumption of relatively large 
amounts of power. Heat must be supplied to the hotter part 
of the sample and removed at the colder part at a high rate 
in order to maintain a temperature gradient in the required 
range of a hundred degrees ~per inch. Since the melting 
point of thorium is about 1750 degrees C. and the metal is 
highly reactive with any of the common gases at temperatures 
as low as 300 degrees C., it was necessary to design and 
construct a special crystal growth furnace. It is 
difficult to predict the :operational characteristics of this 
type of furnace. Therefore, a successful furnace design must 
possess a high degree of flexibility. 
The furnace described below meets the requirement that 
it be capable of producing a steep, stable, controllable 
temperature gradient by (1) operating from a h~gh capacity 
stabilized power source, (2) using a minimum of thermal 
insulation and (3) providing a constant temperature heat 
sink by water cooling all outer furnace surfaces. 
The requirement that nigh temperatures must be maintained 
without atmospheric contamination of the sample is met by 
operating under a vacuum. This vacuum is produced by a 
pumping system capable of maintaining pressures of lo-4 
to. 10-6 millimeters of mercury at operating temperatures. 
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The final requirement of flexibility is met through the use 
of an easily replaceable graphite f urnace core. A variety 
of core shapes can be fabricated from the easily machined 
graphite. This graphite furnace core is directly heated 
by passing a current of several hundred amperes through it, 
at potentials of between 6 and 12 volts. Since the 
electrical arrangement is such that the current must flow 
through the entire core, a region of the core having a 
reduced cross sectional area will have a larger resistance 
per unit length, hence a larger power dissipation and 
resulting higher temperature. By suitably varying the cross 
section, an infinite variety of temperature distributions 
can be produced. 
As shown in Figure 1, the furnace consists of a flat 
vertical bac k plate 22 inches high and 13-1/2 inches wide, 
and a cylindrical vacuum chamber made from a 12-inch 
diameter steel pipe. The chamber can be swung ou t away from 
the back plate for sample loading. All water, electrical 
and vacuum connections are made through the back plate, as 
is the drive shaft for the sample positioning mechanism . 
Figure 2 shows a cut-away sketch of the furnace · assembly. 
The graphite furnace core (C) is slotted vertically and 
clamped to the two electrodes (D) by two simple steel clamps. 
Each clamp is identical and consists of a vertical steel 
shaft that passes up through the electrode, and a cross 
pin that rests on the top of the thick section of the furnace 
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core. The end of the pin that touches the core is turned in 
the shape of a cylindrical cam. By rotating the cross 
pin in the shaft, this cam forces the core down against 
the electrode surface. The bottom surface of the core is 
copper plated to provide a positive electrical contac t with 
the electrode. Current passes from one electrode up one 
side of the slotted core and down the other side of the 
core to the other electrode. The slot in the core can be 
very narrow since the voltages in the furnace are low. 
Thermal expansion of the core causes no difficulty in this 
design since the top of the core is unrestrained. In 
operation an aligning sleeve is inserted in the positioning 
plate (E) and a tantalum rod extends through this sleeve up 
into the center of the furnace core. The lower end of this 
rod rests on the sample positionipg arm : (F). The sample 
crucible, in the case of melting experiments, is supported 
by this rod. Temperature measurements can be made either 
by thermocouples which are inserted from the bottom, or 
optically by sighting a pyrometer into the top of the furnace 
through a sight glass assembly in the top of the vacuum 
chamber. 
The vacuum pumping system is connected to the back plate 
through a vacuum line fabricated from six-inch steel pipe. 
For ease in outgassing, all inner surfaces of the furnace 
chamber. and back plate are copper plated and polished. A 
Consolidated Vacuum Corporation type MCF-700 diffusion pump 
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Figure 1. Photograph of crystal growth furnace 
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Figure 2. Sketch of crystal growth furnace with furnace 
assembly shown in section view 
Legend: 
A Stainless st~el radiation shield lid 
B Water-cooled stainless steel shield 
C Refined graphite furnace core 
D Water-cooled copper electrodes 
E Insulated positioning plate 
F Sample positioning arm 
G Rack and pinion for operation of positioning arm 
H Porous carbon radiation shield 
I Stainless steel outer radiation shield 
J Molybdenum inner radiation shields 
K Glass-to-metal lead-through connectors for 
thermocouples 
L Housing for rack and pinion 
M Guide rod for sample position arm 
(Arm is attached to the rack by a plate which 
moves in a vertical slot in housing L) 
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and a Kinney Corpora t ion Model 556 mechanical pump are used 
in the pumping system, along with a six-inch vacuum valve and 
a smaller mechanical roughing pump to reduce pump-down time. 
) 
Since the furnace can be shut off from the vacuum system, 
operation under inert atmospheres is possible. A Miller 
Laboratories cold cathode vacuum gage is used to measure 
high vacuu~and also as part of an automatic safety control 
system. This system shuts off the furnace and diffusion 
pump in the eVent >1of vacuum leaks or over-heating due to 
water pressure failure. 
Figure 3 shows a blOck diagram of the eleqtrical controls 
of the furnace. Provision is made for both positioning the 
sample and changing the input voltage by combination motor 
drives and ,gear reduction assemblies. The fine control 
transformers are four 20-ampere capacity, 6.3 volt filament 
transformers. These are connected with their secondaries 
in series in one side of the furnace supply line, and with 
their primaries connected in parallel and powered by 8: 
variable autotransformer. A variation of up to 25 volts can 
be produced in the furnace i nput voltage by a full rotation 
of the autotransformer, permitting heating or cooling from 
room temperature to any desired temperature in the range of 
the furnace. Initial attempts to produce slow cooling rates 
with this control showed that small stepwise discontinuities 
in cooling rates occurred as the brushes of the autotransformer 
,. 
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Figure 3. Block diagram of crystal growth furnace controls 
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were moved from one convolution to another, thus the fine con-
trol feature was added. A fixed ratio step-down transformer 
is operated by the larger autotransformer, providing the 
necessary voltage reduction and increased current handling 
capacity. 
Figure 4 shows the wiring diagram of the furnace, and 
Figure 5 presents the recording ammeter and voltmeter input 
circuits. The outputs of these circuits are filtered d.c. 
millivoltages which are recorded on a three position millivolt 
recorder. The third position is used to record sample tempera-
ture by means of a thermocouple. The permanent recording of 
voltage and current simultaneously with sample temperature is 
particularly useful in evaluating the operation of the various 
motor drives . For example, without the electronic li·:ue voltage 
stabilizer in the circuit, random temperature drifts of five to 
ten degrees C. during a run were detected and identified as 
caused by line voltage fluctuacions. In the current recording 
circuit the transformer shown is also a 20 ampere capacity, 6.3 
volt filament transformer. 
C. Crystal Growth by Solidification 
There are two basic requirements for the growth of a single 
large crystal from a molten metal. The first is the formation 
of only one active nucleation point in the melt. The gBcond 
is that all subsequent flow of the heat of solidification must 
take place into the solid through the liquid-solid interface. 
. 
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Under these conditions the first tiny crystal that forms from 
the melt will grow until the entire melt freezes as one crystal. 
The method used here to produce the above conditions has been 
referred to by Chalmers (2). This technique employs a container 
with a pointed bottom heated in such a manner as to permit 
heat removal only through the bottom. 
Inspection of Figure 2 shows that the top and sides of a 
crucible placed in the furnace core are able to exchange heat 
by radiation to the core and upper radiation shields. The 
bottom of the crucible, however, is able to radiate heat to the 
water cooled electrodes as will as lose heat by conduction down 
the support rod. The core for this operation has a thick bottom 
section tapering uniformly to wlthin a half inch of the top, and 
a section of constant diameter for this last half inch. The 
temperature distribution along this core is such that the 
temperature increases smoothly to just below the thin tip section. 
This section provides a region of much higher temperature to 
compensate for sample heat losses to the upper radiation shields. 
Since nickel and copper single crystals have been readily 
grown from the melt by a number of investigators, a series of 
crystals of these metals were grown as a check on furnace 
behavior. The most satisfactory crucible material for nickel 
proved to be BeO. Crucibles with sharply pointed 60 degree 
conical bottoms were fabricated by jolt-packing the finely 
divided oxide in graphite molds and firing in air at 1900 degrees 
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c. to sinter the particles. The largest size crucible which 
could be accommodated in the furnace was one and three-
quarters of an inch in diameter by four inches long. Actual 
crystal sizes depended on how well the lumps of starting metal 
were packed in the crucible, the average size being one and 
one-quarter inch in diameter by one inch long, plus, of course, 
the conical bottom section. Graphite crucibles were found to 
be satisfactory for copper. Some volatilization of both the 
copper and nickel took place during the solidification process, 
but not enough to interfere with furnace operation. Dissolved 
gasses were initially present in the metal charge as evidenced 
by turbulency of the liquid sample surfaces during the inital 
melti.ng. This effect stopped after a minute or two and the 
sample surfaces remained bright and motionless during the 
solidification process. 
Solidification was initiated by reducing the input furnace 
voltage, lowering the crucible out of the furnace, or by a 
combination of these methods. Axial freezing rates up to one 
inch per hour were successfully used, but a rate of about one-
half inch per hour seemed to produce the most consistent results. 
Copper-nickel alloy crystals containing up to 50 per cent 
copper were also successfully grown in the furnace, although a 
type of macro-mosaic structure could be detected in the crystals, 
similar to that reported by Brick and Phillips (30) in individual 
: 
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grains of polycrystalline specimens . . 
A series of growth experiments was then conducted using 
the magnesium reduced thorium metal and crucibles fabricated 
from BeO, Zro2 and Th02 . In each case a fine grained sample 
resulted. No trace of residual boundaries could be detected, 
as would have been the case if large beta thorium crystals had 
formed, only to have later transformed into the alpha phase. 
Microscopic examination showed that the reaction of the metal 
with the crucible materials apparently produced an abundance of 
nucleation sites, judging by the appearance of the grains next 
to the surface, as well as forming dendrites of thorium oxide 
in the bulk of the metal. These experiments were therefore 
discontinued . 
D. Crystal Growth in the Solid State 
Producing large grains in initially polycrystalline solid 
metals is a generally less satisfactory procedure than that of 
crystal growth from the melt. Conditions for abnormal grain 
growth have been determined for several metals, notable iron 
as reported by Sato (7). Assuming no solid phase transformations, 
the process consists of critically straining a sample, then 
heating it in such a way that subsequent stress relief by grain 
growth after normal recrystallization occurs initially at 
relatively few points in the sample. Free energy considerations 
at the boundaries of these regions favor the continued growth 
of the newly formed grains at the expense of the surrounding 
material ·. An allotropic transformation can also be utilized 
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to provide recrystallization. 
Much the same reasoning about temperature distribution as 
in the solidification method can be used in this case. Un-
fortunately~ however, the heat effects of the recrystallization 
and grain growth processes are much smaller, and the temperature 
dependency of these processes is neither will defined nor 
precipitous as in solidification. 
Preliminary experiments with zirconium seemed to show that 
once the grain growth process started it . would proceed at a 
rate relatively independent of the temperature distribution along 
-
the sample. For any kind of control over grain growth, an 
extremely steep temperature gradient would be needed. How-
ever, the strain-anneal method has been reported by Sato (7) 
to produce large crystals of iron in the absence of any gradient. 
This work showed that apparently once a critical set of 
initial conditions had been satisfied, only a few grains would 
develop, even in bars as large as one and one-half inches 
in diameter. Uniformly fine initial grain size and a high 
degree of purity seemed to be the two main criteria. 
A crystal bar thorium sample was prepared for grain growth 
experiments by arc melting and cutting on a water cooled 
abrasive wheel to the approximate dimensions of three inches 
high, one inch wide, and five-sixteenths inch thick. A one-
sixteenth-inch diameter sight hole was drilled in the top for 
determining sample temperatures with an optical pyrometer, and 
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a one-eighth-inch diameter hole was drilled in the bottom to 
accept a tantalum pin for fastening to a support rod. The bar 
was given a five per cent reduction in thickness by compressing~ 
and then placed below the hot zone of the furnace. The shape 
of the furnace core is indicated in Figure 2. Using furnace 
control settings determined in preliminary experiments with 
zirconium, the furnace core was brought to a temperature that 
would produce about a 1300 degree C,maximum sample temperature. 
This temperature was assumed to be about 100 degrees 4 below 
the phase transformation in thorium. The sample was elevated 
at a rate of 0.6 inch per hour for five hours, then held in 
this position for two and one-half hours. The maximum sample 
temperature was recorded as 1325 degrees C. After a rapid 
cooling~ the sample was examined and found to consist of 
uniform equiaxed grains of about three millimeters diameter. 
An attempt was made to refine the grain size by passing through 
the transformation. The sample was heated to 1500 degrees C~ 
for 20 minutes, then furnace cooled. No detectable change in 
grain size occurred~ however. 
The sample was then held at 1455 degrees C. for two hours 
in the hot zone of the furnace~ and lowered at a rate of 0.6 
inch per hour until it was completely out of the hot zone. The 
bottom portion of the sample after this treatment consisted of 
several large crystals, while the top third showed a twinned 
structure with grains no larger than three or four millimeters. 
Two crystals ' were cut from this specimen and are shown in 
Figure 6 . The larger of the samples was used for pulse-echo 
measurements. It was cut from the lower part of the specimen 
and can be seen to consist of one large grain as well as 
several smaller ones. The quartz driver crystals were carefully 
positioned over only the single crystal portion. The smaller 
round plate was cut from the center section of the bar such 
that the [!1~ direction was perpendicular to the crystal 
surface. 
Another sample of crystal bar thorium was prepared in the 
same manner and given similar heat treatments. The largest 
grains that could be produced were about five or six milli-
meters in diameter. This sample was re-melted several times 
and subjected to a variety of thermal conditions with no 
better results. 
E. Crystal Orientation Methods 
Crysuu orientations were determined by a back reflection 
Laue X-ray method as outlined in an American Society for 
Testing Materials publication (31) . A simple camera was 
designed and constructed which would permit the subsequent 
cutting of the crystals while still in the camera mounting. 
This camera is shown in Figure 7 . The camera consists of a 
commercial rectangular X-ray film holder with a beam collimating 
assembly mounted in the center, and a goniometer for holding 
the sample crystals. In operation the X- ray beam passes from 
the back of the film plate through the collimator to the 
Figure 6. Photograph of thorium single crystals cut 
from a larger sample. The smaller round 
specimen consists of a large region 
oriented in the Q1lj direction, and several 
smaller crystals. The larger specimen 
consists of one large crystal of skew 
orientation and several smaller crystals . 
Both samples were heavily etched in nitric 
acid to reveal grain boundaries 
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Figure 7. Back reflection Laue camera constructed 
from a commercial film holder and a 
protractor head. A sample is shown 
mounted on the Plexiglas holder 
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sample. BaGk reflections from the sample surface are inter-
cepted by the film. White X-radiation is used. The goniom-
eter assembly is constructed from a · Starett Model PR-1224 
Protractor head. Samples are mounted on one-inch diameter 
Plexiglas rods with Duco cement, and these rods are held in 
the goniometer assembly. The protractor head is mounted 
on a plate fastened to the back of the film holder and 
extends out along the top of the holder such that the axis 
of rotation of the protractor disk is both vertical and 
parallel to the film holder, and intersects the X-ray beam 
exactly three centimeters from the film. A bearing block 
is fastened to the bottom of the protractor disk and 
accepts a rotatable sleeve which in turn accepts the Plexiglas 
sample holders. The axis of this sleeve lies in a horizontal 
plane that is perpendicular to the film holder, and contains 
the X-ray beam. In operation samples are placed in the 
goniometer assembly and adjusted for exactly three centimeters 
d.istance from the film. Rotation of the protractor disk 
does not change this distance, nor does rotating the sleeve 
about its axis. However, combinations of these two adjustments 
are sufficient to bring a desired crystallographic axis in 
the sample perpendicular to trefilm holder. 
For sample cutting, the protractor assembly is clamped 
in a jig on a water cooled silicon carbide cut-off wheel 
with the sample still glued to the Plexiglas rod. The small 
amount of disturbed metal produced by the cutting is removed 
by hand lapp.ing using metallographic papers of various grits, 
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followed by etching with hot nitric acid. 
Figure 8 is a back reflection Laue photograph of the 
smaller plate of Figure 6, showing the ~1£] orientation. 
Figure 9 is a back reflection Laue photograph of the large 
crystal used for pulse-echo measurements. This picture was 
indexed and the direction cosines of the direction perpendicu-
lar to the crystal face were obtained from measurement of the 
center-to-spot distances on the film. The calculated values 
were adjusted slightly so that the sum of their squares would 
be exactly unity, to avoid possible difficulty in evaluating 
correction terms in the perturbation equations. The direction 
cosines used in the elastic constant solution were 11 = 0.80992, 
m1 = 0.401235 and n = 0.427832. The actual precision of 1 . 
the camera is such that the orientation direction of the 
crystal lies within one degree of the direction defined by 
the above. cosines. Overton and Gaffney ( 19) have shown that 
orientation errors of this magnitude have an insignificant 
ef.fec t on velocity measurements compared to the other errors 
inherent in the measurements. 
F. Dilatometric and Density Measurements 
Calculation of elastic constants from ultrasonic measure-
ments requires a knowledge of both the density and sample 
length. The sample density was measured at room temperature, 
and dilatometric data were obtained over the temperature 
range from -196 to -100 degrees C . . Density was measured by 
Figure 8 . Back reflection Laue photograph of the 
smaller round thorium plate, showing 
(11~ orientation 
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Figure 9. Back reflection Laue photograph of the 
larger thorium sample showing the skew 
orientation of the largest crystal in the 
sample. The cosines of the direction 
perpendicular to the crystal face were 
calculated to be 11 = 0. 80992, ml = 0.401235 
and n1 = 0.427832. The actual precision 
of the measurement was about one degree 
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the bu6yancy method in water, using a Fisher Gram-Atic 
balance. The density of the sample used in the pulse-echo 
measurements was measured as 11.694 grams per cubic centimeter 
at 28 degrees C. This value can be compared to the reported 
X-ray density of 11. 72 grams per cubic centimeter. 
Dilatometric data were obtained by the widely used quartz 
push-rod method using a calibrated Statham Laboratories Model 
Gl-1.5-315 unbonded strain gage as the sensing element. The 
output of the strain gage and calibrated copper-constantan 
thermocouple attached to the sample were simultaneously re-
corded on a Leeds and Northrup X-X millivolt recorder. 
The sample was prepared by arc-melting crystal bar 
thorium in the shape of a rod and swaging the rod to a 
diameter of 0.130 inch. This rod was recrystllized by 
heating to 720 degrees C, for one hour under high vacuum. 
The ends of the rod were lapped by hand to parallelism and 
the length measured with a micrometer as 1.9936 ± 0.0001 
inches. The resulting data show an almost linear change 
in length with temperature above 0 degrees C. The apparent 
linear coefficient of thermal expansion calculated from 
these data over the range of 0 to 100 degrees C.is 11.26 x 
10-6 . This value can be compared to the previously reported 
value of 11.2 x 10-6 over the temperature range from 25 to 
200 degrees C. No literature values for measurements below 
room temperature could be found. 
The data below room temperature show a definite curvature 
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which increases with decreasing temperature. Table 2 presents 
the results as ~L/L where L is the length of the sample 
0 0 
at 0 degrees C,, and A L is the change in sample le.ngth from 
L . 
0 
V. ULTRASONIC MEASUREMENTS BY A RESONANCE TECHNIQUE 
A. Resonance Apparatus 
Figure 10 is a photograph of the resonance apparatus 
used in this investigation and Figure 11 is a block diagram 
of the circuit and a sketch of the optical system. A contin-
uous alternating voltage of varying frequency is applied to 
the transducer. The transducer, which may be quartz, barium 
titinate ceramic or other piezoelectric material, is forced 
to vibrate at the impressed frequency. The vibrations are 
transmitted to the sample as an ultrasonic sound wave which 
passes through the sample into the liquid below. Sample 
resonant frequencies are detected optically by observing the 
intensity of the Debye-Sears diffraction effect in the liquid. 
Electrical contacts are made to the sample and to the 
top silver-plated surface of the transducer. The observed 
resonances arise from the acoustic mismatch at both surfaces 
of the sample. Part of the sound energy passing from the 
transducer through the sample is reflected back from th~ 
liquid~sample interface. This reflected wave undergoes a 
similar reflection at the transducer-sample interface. If 
; 
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Figure 10. Photograph of the resonance apparatus 
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Table 2. Dilatometric data on polycrystalline thorium metal 
using unbonded strain gage and two-inch sample 
length (L0 is length at 0° C.) 
Temperature 
degrees C. 
+110 
+100 
+ 90 
+ 80 
+ 70 
+ 60 
+ 50 
+ 40 
+ 30 
+ 20 
+ 10 
0 
- 10 
- 20 
- 30 
- 40 
50 
- 60 
- 70 
- 80 
- 90 
-100 
-110 
-120 
-130 
-140 
-150 
-160 
-170 
-180 
-190 
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twice the sample thickness corresponds to an integral number 
of wave lengths~ reinforcement of the transmitted sound occurs 
and the sample is said to be in resonance. The sample is ca-
pable of transmitting more sound energy to the liquid when 
in resonance~ producing a stronger sound beam. Liquids 
cannot transmit shear waves~ hence only longitudinal sample 
resonances can be detected. 
The Debye-Sears effect is caused by density differences 
as the sound beam alternately compresses and rarifies the 
liquid. These density differences function as a diffraction 
grating. The more intense the sound beam~ the brighter will 
be the diffraction effects. As illustrated~ the optical 
system consists of a nomochromatic light source using the 
mercury green wave length~ a slit to provide an apparent line 
source~ and a lens system to focus an image of the slit on a 
ground glass screen. The light beam passes through windows 
which are provided in the otherwise silvered Dewar flask. In 
operation the oscillator frequency is varied until a diffraction 
pattern consisting of weaker images of the slit on each side 
of the original image is obtained. The distance between these 
diffraction lines and the original or zero order image in-
creases with frequency~ and is about one-half centimeter at 
10 megacycles . The oscillator is carefully adjusted to the 
frequency that produces a maximum in the brightness of the 
diffraction pattern. This frequency is accurately measured 
(within 50 cycles per second) with a BC -221 heterodyne 
.. 
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frequency meter, using an audio amplifier and speaker as the 
null detector. The process is repeated for each observed 
resonance. While any transparent liquid will produce the 
Debye-Sears effect, those in which the sound velocity is 
lower give greater diffraction line separation and hence are 
more suitable for this application. 
Cooling is achieved by first cycling the liquid through 
an external heat exchanger using a dry ice-trichlorethylene 
coolant, then by blowing small quantities of liquid nitrogen 
through a copper coil placed inside the Dewar flask. Small 
ceramic heating elements positioned in the lower section of 
the flask are used to heat the liquid above room temperature. 
The sample is held in place just below the surface of the 
liquid by a mounting assembly that also establishes electrical 
contacts to the transducer. This assembly consists of a 
one half-inch diameter stainless steel tube with a sample 
positioning ring soldered to the lower end, and a bakelite 
disk fastened to the top. Glass-to-metal seals are soldered 
in each end of the tube and fine copper wire is stretched 
along the axis of the tube. A small brass spring is soldered 
to the lower seal to make contact to the silvered top surface 
of the transducer. The sample is centered in the positioning 
ring by three mounting screws. In operation, a bakelite lid 
is placed on the Dewar flask. The cooling coils, heating 
assembly and liquid filling tubes are supported by this lid. 
The sample mounting assembly is inserted through a hole in 
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the lid until the bakelite disk rests on the lid. The liquid 
lev·el is adjusted to just cover the sample. Electrical 
connections to the generator are made to the top glass-to-
metal seal and to the top of the stainless steel tube. The 
high frequency electrical path in the mounting assembly is 
along the copper wire to the transducer. The sample is 
made the electrical ground through the mounting screws by 
grounding the stainless steel tube at its·upper end. The 
measuring junction of a copper-constantan thermocouple is 
clamped between one of the mounting screws and sample for 
recording sample temperatures. 
Figure 12 shows the circuit diagram of the oscillator. 
Figure 13 shows the radio freq~ency voltmeter circuit used 
to monitor the impressed voltage on the transducer while the 
frequency is varied. Peak-to-peak voltages of between 50 
and 200 are obtainable over the range of 1 to 15 megacyclesJ 
as determined by the settings of the various oscillator 
controls. The efficiencies of the transducers are higher 
as their resonant frequencies are approached. A 10 megacycle 
quartz transducer would permit detection of sample resonances 
from 4 to 12 megacycles. For lower frequencies than this 
2 and 5 megacycle transducers can be used. While transducer 
resonances are also detectedJ all except the fundamental 
resonances produce negligible optical effects compared to 
sample resonances. 
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B. Resonance Results 
Resonance measurements were made on the smaller (11i} 
oriented plate shown in Figure 6 over the temperature range 
of +70 degrees C. to -100 degrees ~, using ethyl alcohol as 
the liquid medium. One measurement was made using liquid 
nitrogen at its boiling point of -196 degrees C. The 
transducer was a 0.3-inch diameter, 10 megacycle X-cut quartz 
crystal, silvered on both sides. No couplant between the 
quartz and the sample was used, other than immersion in the 
bath medium. The measured frequencies of the observed 
resonances are presented in Table 3 along with corresponding 
harmonic numbers. 
Careful examination of the optical patterns revealed 
that an occasional measured resonance was actually only one 
of a cluster of resonances of almost the. same frequency. 
This effect had been observed in quartz as reported by 
Atanasoff and Hart (32) and others. Since the center frequency 
of the cluster could not always be detected, resonances show-
ing this effect produced an apparent scatter in the data. 
This scatter proved to be annoying in analyzing the shapes 
of the curves obtained from plotting resonant frequency 
versus harmonic number at constant temperatures. 
A method of smoothing the data was applied in which 
t he frequencies for each harmonic number in Table 3 were 
Resonant frequencies of a Ul~ oriented for single crystal plate of ~ Table 3. 
thickness = 0.1647 ± 0.0001 inch at 28°C. \.Jl 
+=-
Temperature Frequency 
degrees C, na = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n .. 10 n .. 11 n = 12 n = 13 
-196 4.022 6.011 7.018 9.015 10.118 11.003 12.005 
-101.5 4.122 5.063 6.037 7.018 8.967 9.943 12.616 
-100.5 7.031 7.996 8.974 9.950 
- 84.5 4.106 5.050 6.026 7.004 7.992 8.956 9.930 11.967 12.582 
- 78 4.079 5.036 6.017 6.989 8.954 9.9 4 10.951 
- 71 4.069 5.046 6.012 6.986 8.946 9.946 10.974 11.952 
- 52 4.079 5.016 5.997 6.973 8.928 9.895 10.963 11.929 
- 45 4.069 5.098 5.994 6.970 8.923 9.898 10.967 
- 28.5 4.031 4.778 5.949 6.941 8.870 9.841 10.907 11.852 
- 18 4.004 4.992 5.969 6.941 8.900 9.860 10.925 11.875 
+ 70 4.011 4.963 5.927 6.891 8.884 9.870 10.876 
+ 26 3.948 4.910 5.902 6.883 8.834 9.831 
+ 32 3.964 4.929 5.898 f6.881 8.828 9.795 10.804 11.767 
6.890 
+ 43 3.936 4.907 5.881 6.872 8.824 9.805 
+ 49 3.926 4.900 5.886 6.852 8.815 9.791 12.721 
+52 3.928 4.904 5.873 6.852 8.808 9.787 10.767 11.743 
+ 61 3.923 4.889 5.875 6.840 8 ~ 787 . 9.772 
+ 73 4.888 5.856 6.833 8.781 9.764 
aThe letter, n, refers to the haromonic number of the tabulated resonances. 
plotted versus temperature. Smooth curves were drawn 
through these points by inspection, and frequency values 
read off the curves at regular temperature intervals. 
Table 4 presents the results of thi.s process, except that 
in addition, each frequency value has been divided by the 
corresponding harmonic number. A plot of these data is 
I 
shown in Figure 14. Some of the data reported in Table 
4 are not shown on the graph for the sake of clarity. 
Evaluation of the stiffness coefficients from the 
resonance data shown in Figure 14 requires an explanation 
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of the increased curvature of the plots of frequency versus 
harmonic number as the temperature is reduced. The concept 
of a phase shift occurring when the sound beam is reflected 
has been proposed by McSkimin (20). The analysis of McSkimin 
is of the form: 
f I 
n 
n + ¢ 
where fr = sample resonant frequency, 
fn' = measured harmonic frequency, 
n = harmonic number 
¢ - phase shift (a negative number). 
This equation did not fit thes~ data. The experimental 
curves seemed to require a correction that would decrease 
much more rapidly with increasing harmonic number. 
Table 4. Smoothed resonance data from a ~llJ oriented thorium single \J1 
crystal plate of tnickness = 0.1 47 ± 0.0001 inch at 28°C. <~~ 0'1 
Temperature Frequency 
degrees C. na = 4 n = 5 n = 6 n ·'= 7 n • 9 n = 10 n =· 11 n = 12 
-196 1.0055 1.0018 1.0026 1.0017 1.0012 1.0003 1.0004 
-100 1.0288 1.0126 1.0060 1.0024 .9968 .9939 
- 90 1.0273 1.0114 1.0045 1.0012 .9960 .9932 
- 80 1.0250 1.0098 1.0032 1.0000 .9951 .9924 .9968 
- 70 1.0228 1.0080 1'. 0017 .9989 .9942 .9919 .9977 .9959 
- 60 1.0205 1.0062 1.0004 .9976 .9932 .9910 .9966 .9950 
- 50 1.0175 1.0044 .9987 ' . 9962 .9922 .9900 .9955 .9938 
- 40 1.0145 1.0024 .9970 .9946 .9912 .9891 .9944 .9926 
- 30 1.0115 1.0004 .9955 .9932 .9901 .9882 .9929 .9914 
- 20 1.0080 .9984 .9939 .9916 .9889 .9872 .9915 .9899 
- 10 1.0045 .9962 .9920 .9900 .9877 .9861 .9899 .9834 
0 1.0008 ~ .9940 .9902 .9886 .9863 .9850 .9882 .9869 
+ 10 .9975 .9918 .9884 .9870 .9849 .9839 .9865 .9853 
+ 20 .9938 .9894 .,9864 .9853 .9834 .9828 .9847 .9837 
+ 30 .9900 .9868 .9844 .9833 .9820 .9815 .9829 .9821 
+ 40 .9865 .9844 .9822 .9816 .9802 .9802 .9810 .9803 
+ 50 - . 9820 .9818 .9804 .9800 .9785 .9791 ~9790 .9786 
+ 60 .9780 .9792 .9782 .9783 .9765 .9778 
+ 70 .9764 .9760 .9762 .9745 .9764 
aThe letter, n, refers to the harmonic number of the tabulated 
resonances. 
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While no theoretical justification was apparent for 
considering ¢ as a function of n, the following equation 
was tested and seemed to correlate the experimental data: 
f I 
n 
f = 
r n + ¢ 
n 
This resonance equation has the phase shift of McSkimin 
replaced by a term composed of a phase shift divided by 
harmonic number. The effect of this modification is to 
reduce the effect of the phase shift for higher harmonic 
numbers. 
Figure 15 shows a trial and error evaluation of ¢ for 
a temperature of -100 degrees and a medium of ethyl alcohol. 
The upper curve shows the form of the experimental data for 
which ¢ = 0 and the lower curves show the form of the right 
hand side of the above equation plotted versus harmonic 
number for three values of ¢. For comparison, calculated 
values for fn' using¢= 0.60 and fr = 0.9895 Me/sec are 
shown by the triangular points on the upper curve. Values 
for ¢ and f were determined in this manner for each tempera-
r 
ture. Both ¢ and f were found to be smootrn.func tions of 
r 
temperature for the ethyl alcohol medium, while the data 
for the liquid nitrogen run could be fitted using a very 
small value for ¢. Table 5 presents the results of these. 
calculations, along with thickness and density values. 
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Table 5. R~sonance calculationsa 
Temperature fr x 10-6 2t ;0 Q x lo-12 . 
degrees C, me/sec ¢ em g-cm-3 dyne-cm-12 
-196 0.9995 -0.100 0.32785 11.7813 1.265 
-100 0.9895 -0.600 0.32819 ' 11.7443 1.239 
- 90 0.9888 -0.575 0.32823 11.7404 1.237 
- 80 0.9883 -0.550 0.32827 11.7365 1.235 
. 
70 0.9875 -0.525 0.32830 11.7327 1.233 
- 60 0.9869 -0.500 0.32834 11.7288 1.232 
- 50 0.9867 -0.450 0~32838 11.7248 1.231 
- 40 0.9858 -0.425 0.32841 11.7209 1.229 
- 30 0.9848 -0.400 0.32845 11.7169 1.226 
- 20 0.9843 -0.360 0.32849 11.7130 1.225 
- 10 0.9834 -0.325 0.34852 11.7090 1.222 
0 0.9823 -0.300 0.32856 11.7050 1.219 
+ 10 0.9819 -0.250 0.32860 11.7011 1.218 
+ 20 0.9806 -0.225 0.32863 11.6970 1.215 
+ 30 0.9800 . -0.165 0.32867 11.6931 1.213 
+ 40 0.9790 -0.125 0.32871 11.6892 1.211 
\ 
+ 50 I 0.9783 -0.080 0.32875 11.6851 1.209 
+ 60 0.9774 -0.045 0.32878 11.6811 1.206 
+ 70 0.9763 o.o 0.32882 11.6771 1.203 
aThe number of significant figures presented -i~ s ; not 
intendecr as anindication: of the precision of the measurements 
but :wa~: used in the calculations to preserve the smoothness 
of the data in Table 4. 
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Both the thickness a nd density for each temperature were 
calcu l n t ed from measured r oom temperature values through the 
use of the dilatometric data in Teble 2. 
The stiffness coefficients were calcylated from these 
dat a by t he equation: 
where f 
r 
t 
fr 
1 
= 
2t ~ 
= sample resonant f requency 
= sample thickness 
= stiffness coefficient 
= dens ity. 
Q 
.,:t.lJJ 
I -:;,...-
The values obtained for Q are also presented in Table 5. 
A plot of Q versus temperature is shown in Figure 16. If the 
value of Q at -196 degrees c. is correct, t he plot of Q versus 
tempera t u re is almost linear, and a systematic drift of values 
of Q with decreasing temperature for the ethyl alcohol medium 
is evident . Such a drift could be caused b y the failure of 
t h e resonance equation to correlate t h e data when the curva-
ture of plots of resonant f requency versus harmonic number is 
great. Values of Q ~lf\ over this tempe r a ture range can be 
calculated from the elastic constants obtained from pulse-
echo measurements and a comparison of Q values is presented 
in that section. 
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VI. ULTRASONIC MEASUREMENTS BY A 
PULSE-ECHO TECHNIQUE 
A. Pulse-Echo Apparatus 
63 
A picture of the pulse-echo apparatus is shown in Figure 
17. Electronically, this equipment is similar to that used 
by Lazarus (17) and others. All of the circuits except for 
the oscilloscope and time-base generator were constructed for 
this research project. Figure 18 shows a block diagram · · 
relating the various circuits. The operation is as follows. 
A commercial time-base generator (Tektronix Model 181) houses 
the crystal oscillator and step-down cascade. This cascade 
provides pulses which occur every 10 and 10,000 microseconds. 
These pulses are derived f~om a one-megacycle crystal oscil-
lator frequency standard. This standard was checked with a 
Beckman Berkeley Type 5571 Frequency Meter and found to be 
within five cycles per second of one megacycle. Frequency 
drift of the oscillator according to the mar,ufacturer's 
specifications is less than two parts per million per 24 hours. 
The 10,000-microsecond pulses are amplified and used to 
trigger the 10-megacycle pulse generator. This generator 
produces a sine wave of controlled duration (usually two 
microseconds) each time it is triggered. These pulses are 
amplified by the pulse output circuit and transmitted 
through a coaxial cable to a quartz driver crystal. The 
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thickness of this driver crystal is such that it mechanically 
resonates at 10 megacycles per second, and since it has 
piezoelectri·c properties, the impressed voltage causes cor-
responding dimensional changes. These changes are transmitted 
to the sample through a couplant (usually Duco cement) as 
ultrasonic sound pulses. When one such pulse passes through 
the sample to the opposite surface, part of its energy is 
reflected back as an echo due to the acoustical mismatch 
between the sample surface and surrounding medium. This 
echo behaves similarly upon reaching the surface on which 
the quartz crystal is mounted, and part of the pulse is again 
reflected back into the sample. Due to the Piezoelectric 
effect, the part of thee.cho energy that is transmitted to 
the quartz generates a small voltage which in turn is trans~ 
mitted back into the coaxial cable. Each succeeding echo 
produces a similar but weaker effect. Thus, each initial 
voltage pulse produces a series of echo voltage pulses. 
The echos are amplified by a 10-megacycle broadband 
receiver and presented on the vertical axis of a high 
frequency oscilloscope. Since the identical operation occurs 
each 10,000 microseconds, a visible trace can be obtained on 
the oscilloscope. If the electron beam were to start to 
sweep horizontally across the face of the oscilloscope each 
time a trigger pulse were supplied to the 10-megacycle 
generator, and it would do so at such a rate as to require 
100 microseconds to complete its travel, most of the echos 
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detected by the receiver would be displayed . By measuring 
the dis t ance on the oscilloscope face from the initial pulse 
to each echo pulse and converting this distance into time 
by multiplying by the oscilloscope sweep rate, echo transit 
times are obtained. From these times and the sample thickness, 
the sound velocity in the sample can be calculated . In 
obtaining the actual measurements a more exact method of 
measuring echo arrival times is used . The oscilloscope 
sweep speed is set at five microseconds for full horizontal 
travel, and the instant at which the sweep starts is 
controlled by a sweep delay circuit. This time can be 
s~oothly v aried from 5 to 100 microseconds after the 
occurrence of each triggering pulse from the trigger amplifier . 
Delaying the sweep in this manner has the effect of moving 
the five microsecond display out along a time axis 100 
microseconds long . As an indication of the increased 
precision of t h is method, viewing the 100 microseconds simul-
mneously at .this 'magnification woul d require an oscilloscope 
face twenty times as wide. Considering that a five-inch 
oscilloscope is used, this increased magnification would 
require a tube face 100 inches in diameter. 
The variable in the sweep delay circu it is a 10-turn 
linear potentiometer equipped with a three place direct 
reading dial. Thus the delay times could be read with a 
precision of 0 . 05 per cent. In operation, the delay circuit 
is ad justed so tha t the leading edge of each echo in turn 
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coincides with a reference line on the oscilloscope face. 
The corresponding potentiometer readings are recorded for 
each echo. Immediately after these measurements, the input 
to the vertical axis of the oscilloscope is changed to the 
10-microsecond marker source and the arrivals of these pulses 
are recorded and used to calibrate the d~lay circuit. Figures 
19 through 24 show the diagrams of the circuits that were 
constructed for these particular measurements. The oscilloscope 
used was a Tektronix Model 541 with type 53/54K Plug-In Unit. 
Figure 25 is a sketch of the furnace and sample holder. 
The quartz driver crystal is attached to the sample with 
Duco cement, and the sample is in turn glued to the holder. 
Electrical contact to the top silver-plated surface of the 
crystal is provided by a small brass spring. The ground 
return path is through the sample and holder to the s~ainless 
steel tube. The spring is soldered t o a glass- t o-metal seal 
at the lower end of the tube. A fine copper wire is stretched 
from this seal up the axis of the tube to a standard Amphenol 
~ype 83-lJ coaxial cable connector. 
The furnace itself is designed to operate over the tempera-
ture range from -196 degrees Q to +100 degrees C. For tempera-
tures below ~mbient, liquid nitrogen is placed in the Dewar 
flask, maintaining the outer jacket at close to -196 degrees 
C. The inner copper chamber is held at desired temperatures 
by controlled heating of the woven glass heating tape. A 
thermistor is used as a sensing element in the control of 
T 
V1e - 6AU6 
FROM 
MULTIVIBRATOR 
CASCADE 
~ Q 
~ 
.001 
~ 
8 
N 
Ql :1 
~ 
0 
I() 
(\J 
V1, - 6SN7 
~ 
Q 
Figure 1 9 . Trigger amplifier circuit 
~ 
.-... 
N 
+285 
TO 
PULSER 
AND 
SWEEP 
DELAY 
0 
0 
I() 
0\ 
\..0 
70 
It) LZ CX) 
(\J 
+ ,._ 
oos z (I) 
CD 
I 
.:: 
ro 
.p 
..-i 
::s 
C) 
H ,._ 
..-I z C) (I) 
~ CD 
«S 
rl I 
• <1.> :> "0 
A 
<1.> 
<1.> )t£ >IOZ >101 :s: rJl 
'0 
<1.> 
.p 
«S ,._ 
H 
.0 z 
..-I (I) 
rl 
«S CD 
I 0 
... 8 > . 0 I (\J Q 
<1.> 
H 
::s WZ bD 
..-i 
rr.. 
t-
<t (I) 
CD 
I 
• > )101 >tS 
I• 
V. -1/2 6SN7 V1 -6AC7 V1 - 6AC7 v -5881 4 v,-svs v. -6AC7 
~ 
~ 
a1 l l J lll 
~ 
., I • 60 
N 
N 
ll I d 
+285 
8 
It) 
• PULSE ~ 
- I I "" ~ WIDTH ~f TO GRIDS TO ~ CONTRa.. :~~:: V. AM> v. GRID i I V.r 
-150 
Figure 21. Circuit diagram of the control section of the 10-megacycle pulse generator 
--.:] 
I-' 
FROM 
CATHODE 
v. 
~ 
0 
It) 
(\J 
v., - 884 
68 
-150 
V1 -6C4 
FREQ 
CONTROL 
FROM 
PLATE 
Vs 
v.- 6C4 VJ:) - 6C4 
.25 
T 
WAVEFORM 
ADJUST 
Figure 22. Power section of the 10-megacycle pulse generator 
+400 
TO 
GRID 
v .. 
~ 
1\) 
.001 
V- 6CL6 
II 
5- 50 
~ 
10 
C\1 
FROM It T \: ~ 
CATHODE 
CIRCUIT 
VII 
~ 
1'1) 
1'1) 
-d 
0 
~ 
0.1 
I • • • 
-150 
~ 
~ 
• 
Figure 23. Pulse output circuit 
+400 
93fi 
OUTPUT 
-....:J 
w 
V,.-6AC7 V10-6AC7 V11 -6AC7 Vu -6AG7 
ECHO 
INPUT 
~ 
It) 
,_..: 
~ 
v. -6CL6 rt> 
~ 
8 
-
-15 -
~ 
~ 
~ 
I t 
+360 ~ 
I I -= + 150 
Figure 24. Ten megacycle broadband receiver circuit 
+255 
Ql 
-150 
-..;] 
+:-
COAXIAL 
CONNECTOR 
GLASS SPACER 
r STAINLESS 
STEEL TUBE 
DEAD AIR 
LIQUID 
NITROGEN 
THERMISTOR 
ASSEMBLY 
75 
STAINLESS 
STEEL SLEEVE 
OPPER 
CHAMBER 
GLASS 
HEATING 
TAPE 
Figure 25. Sketch of the furnace used to control 
sample temperature during pulse-echo 
measurements 
I 
76 
chamber temperature while a calibrated copper-constantan 
thermocouple touching the sample is used for recording sample 
temperature. The high sensitivity of the thermistor circuit 
produces satisfactory temperature control of the sample with 
a simple on-off control of the inner chamber temperature. 
B. Pulse-Echo Results 
In general, three different ultrasonic propagation modes 
are possible for any specified direction in a single crystal. 
This was found to be the case with measurements made on the 
larger crystal shown in Figure 6. Preliminary measurements 
at room temperature showed that when thickness Vib rations 
generated by an X-cut quartz crystal1 transducer were trans-
mitted to the sample, an apparent transit time of about 4.5 
microseconds was observed. This sample vibration mode c~n 
be described as one in which the displacement of a point on 
the wavefront of the sound wave is in the direction of 
propagation, and, hence, is referred to as a longitudinal 
mode . Measurements then were made using a Y-cut quartz 
transducer to produce a shear wave in which the displacement 
of a point on the wavefront is perpendicular to the direction 
of propagation. The possibility of the existency of more 
than one shear mode is indicated since the shear vibrations 
1An excellent discussion of the piezoelectric and 
crys tallographic properties of quartz is given by Bond and 
Armstrong (33). 
are polarized and the direction of polarization can be any 
direction in the plane of the sample surface. 
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The Y-cut quartz crystal used was indexed by the back 
reflection Laue X-ray technique to determine the direction of 
polarization of its shear vibration mode. The thorium crystal 
orientation was such that the direction perpendicular to the 
crystal face lay between the ~1~ and (ioo~ directions. 
The shear modes for propagation in these two directions are 
degenerate. It seemed reasonable to expect that the vibration 
modes of the sample would be parallel to and perpendicular to 
the plane that contained both these directions. This is the 
(Oil) plane. The quartz crystal was mounted on the thorium 
sample such that its polarization direction was parallel to 
the (Oll) plane of the sample. The apparent transit time for 
this measurement was aboutl0.5 mic~oseconds. Repositioning 
the transducer so that the shear polarization direction was 
perpendicular to the (Oil) plane gave a transit time measure-
ment of about 8.2 microseconds. As a check to verify that 
these were the only two possible shear modes, the quartz 
crystal was mounted with ttB polarization di~ec tion approxi-
mately 30 degrees from the (Oll) plane and echo measurements 
were taken. Approximately twice the number of echoes were 
observed. It was found that the echos could be divided into 
two sets, one set corresponding to a transit time of 10.5 
mic'roseconds and the other to a transit time of 8. 2 micro-
seconds. This measurement was considered to be sufficient 
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proof that the polarization of the two shear modes of the 
sample was in the chosen directions. Tables 6, 7 and 8 
present the results of measurements of these three modes. 
Table 6 presents the measured echo arrival times for the 
longitudinal mode over the temperature range from +128.5 
degrees C.to -189 degrees C. The calculated transit times 
varied from 4.684 microseconds at 128.5 degrees c.to 4.519 
microseconds at -189 degrees C. Table 7 shows the measured 
echo arrival times for the shear mode parallel to the (Oll) 
plane of the sample. The calculated transit times varied 
from 10.785 microseconds at +98 degrees C. to 10.198 micro-
seconds at -178 degrees C. Table 8 shows the measured echo 
arrival times for the shear mode perp~ndicular to the (Oll) 
plane of the sample. The calculated transit times varied 
from 8.324 microseconds at +98 degrees c.to 7.933 micro-
seconds at -196 degrees C. Prior to these measurements the 
sample had been polished to bring the opposite faces within 
0.0001 inch of parallelism. The quartz transducers used 
were one-half inch square, 10 megacycle quartz crystals, 
silver-plated on one side. 
The arrival times presented in the tables were calculated 
from the sweep delay dial readings of the leading edges of 
the echos and of the 10-microsecond timing markers. The 
first observed marker was considered to have occurred 10 
microseconds after the initial pulse reached the quartz 
transducer and each following marker, 10 microseconds after 
·~ 
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Table 6. Echo arrival times in microseconds for a thorium 
single crystal of skew orientation. Longitudinal 
measurements using a X-cut quartz driver crystal 
Temperatures, degrees · c. 
128.5 76.0 41.0 32.0 28.0 3.5 
Thickness at 
· 28 degrees C, .2818 .2818 .2818 .2818 .2801 .2801 
Pulse 1 -1.73 0.30 -1.71 o.oo 9.65 8'.52 
" 2 3.02 5.20 3.11 6.64 13.32 13.13 II 
. 3 7.85 9.75 7.Io 11.27 18.03 17.74 
" 4 12.50 14.42 12. 7 15.86 .22.56 22.34 
. . " 5 17.22 19.03 16.77 . 20.78 27.23 26.93 
II 6 21'. 79 23.71 21.32 25.36 131.80 31.53 
II ' 7 26.52 28.32 26.04 30.00 36.40 · 36.12 
" 8 31.14 32.95 30.57 34.64 40.91 40.72 
rl 9 35.90 37.62 35.81 39.27 ' 45.64 45.45 
" 10 ' 40.57 42.29 39.86 43.91 50.27 50.09 II 11 45.24 46.95 44.52 48.46 54.92 54.72 
II 12 49.92 51.57 49.15 53.09 59.64 60.27 
II 13 54.67 56.29 53.82 57. 73· 64.37 64.18 
II 14 59.3~ 60.86 58.41 . 62.32 69.18 68.64 
II 15 64.00 65.58 63.08 67.00 73.18 
II 16' 68 .67' 70.19 67.72 71: .. 55 
II 17 73.43 74.86 72.30 76.32 
II 18 78.00 79.53 76.95 ' 80.73 
II 19 82.74 84.19 81.57 85.46 
II 20 87.35 88.85 86.24 90.00 ( 
" 21 ~ 93.62 90.91 94.82 
Calc. transit 
time 4.684 4.651 4.622 . 4.630 4.602 4.596 
C1egrees C. · ·----Temperatures, 
-9.0 -IS -25.5 -52.5 -66.0 -68 
Thickness at 
28 degrees C. .2801 .2818 .2801 .2801 .2801 .2818 
Pulse 1 10.43 8.99 10.43 10.43 10.61 8.40 
II 2 15.08 13.19 15.08 15.00 15.28 13.14 
" 3 19.75 17.78 19.57 19.57 19.78 17.78 
II 4 24.33 22.34 25.09 25.09 24.20 22.31 ~II 5 28.93 26.97 78.84 28.75 28.71 27.10 
" 6' 33.53 31.55 33.35 33.27 33.33 31.52 
II 7 38.14 36.20 37.98 37.90 37.92 36.15 
' 
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Table 6 (continued) 
Temperatures, degrees C· 
- --
-9.0 -18 -25.5 -52.5 -66~0 -68 
-
Pulse 8 42.76 40.75 42.58 42.50 42.60 40.62 
II 9 47.28 45.40 47.30 47.22 47.01 45.21 
" 10 ·51. 95 50.00 51.81 51.68 51.73 49.76 
" 11 56.65 54.55 56.62 56. 40, 56.32 54.50 
" 12 61.45 59.10 61 .. 09 61.05 58.95 II 13 65.80 63.80 65.62 65.95 63.50 
II 
. 14 70.36 68.35 70.45 70.55 68.05 
II 15 74.98 72.96 74 .98 75.18 72.70 
.. If 16 77.55 77.28 
" 17 82.25 81.89 If 18 86.81 86.33 
If 19 91.41 91.04 
If 20 95.96 95.58 
" 21 100.66 100.24 
Calc. transit 
time 4.612 4.597 4.593 4.584 4.583 4.580 
--=-83 
Temperatures; degrees ~ 
-98.5 -I3I.5 -I6I.5 -I'79 -I87 
Thickness at 
28 degrees c. .2818 .2801 .2801 .2801 .2801 .2818 
Pulse 1 12.95 10.43 10.61 10.48 10.35 8.32 
" 2 17.70 15.09 15.20 14.85 14.85 13.01 
" 3 22.22 19.75 19.80 19.62 19.44 17.62 
If 4 26.85 24.11 24.23 . 24.05 24.04 21.20 
" 5 31.51 28.83 28.67 28.58 28'.39 26.67 
" 6 36.04 33.12 33.27 33.00 32.90 31.14 
If 7 40.66 37.75 37.90 37.62 37.62 35.78 
" 8 45.28 42.14 42.23 41.95 L~2. 00 40.28 
" 9 49.91 46.78 46.63 46.58 46.95 44.78 
" 10 54.33 51.43 50.55 50.95 51.09 49.28 
ll 11 58.96 55. 89 55.36 55.49 55.62 53.84 
If 12 63.58 59.47 59.54 60.23 60.23 58.34 
ll 13 68.12 65.09 65.18 64.67 64.95 62.94 
ll 14 72.74 69.72 70.14 69.48 67.48 
II 15 77.26 74.08 74.13 72.08 
ll 16 81.79 '(6 . 63 
ll 17 86.32 81.04 
ll 18 90.90 85.59 
ll 19 95.57 90.09 
' 
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Table 6 (continued) 
Temperatures, degrees c .. 
-83 -915.5---131. 5 · -161.5 -179 -I8L_ 
----.-- --··- -----·- - -
Pulse 20 100.19 94.64 
21 99.18 
Calc. transit 
time 4.581 4.564 4.562 4.536 4.529 4.545 
Temperatures, degrees c. 
-188 -189 
Thickness at 
28 degrees . C, .2801 .2801 \ 
" Pulse 1 10.30 10.35 
II 2 14.98 14.93 
' II 3 19.49 19.45 
II 
.4 23.81 22.98 
II 5 29.30 28.48 
II 6 32.82 32.90 
" 7 37.53 37.32 
II 
·a 42.00 41.68 
" 9 46.54 46.50 
" 10 ·51.00 50.87 
" 11 55.63 55.59 
II 12 60.18 60.14 
II 13 64.90 64.77 
It 14 69.45 70.32 
II 15 73.86 74.20 
II 16 78.75 78.45 
" 17 83.18 82.76 
II 18 87.90 87.37 
" 19 
" 20 
" 21 
Calc. transit 
time 4~526 4.519 
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Table 7. Echo arrival times in microseconds for a thorium 
single crystal of skew orientation. Shear mode 
measurements with the X-axis of Y-cut quartz 
driver crystal parallel to the (Oll~ plane of the 
sample. Sample thickness : 0.2801 - 0.0001 inch 
at 28 degrees c .. 
Temperatures, degrees c. 
Pulse number 98 90 76 62 53.5 42 
1 12.16 12.17 12.08 12.08 12.16 11.94 
2 22.99 22.81 22.58 22. 69 22.64 22.46 
3 33.68 33.59 33.46 33.38 33.17 33.12 
4 44.77 45.05 44.41 44.41 44.23 44.0_7 
5 · 55.41 55.32 54.86 54.77 54. 6L~ 54.50 
Calc. transit 
time 10.785 10.752 10.700 10.581 . 10.668 10.595 
·-·--- - -
-Temperatures, aegrees c. ·- - --·-- -
29 28.5a 27.5 11.5 3.0a -.20 
1 11.65 11.72 12.00 11.73 11.64 11.52 
2 22.36 22.34 22.59 22.24 22.25 22.05 
3 33.95 33.18 33.02 32. 76 33.00 32.59 
4 43.76 43.82 43.94 43.54 43.54 43.32 
5 54.21 54.45 54.32 54.05 54.00 53.72 
6 64.89 65.09 64.55 64.54 64.18 
7 75.64 76.00 75.37 75.00 
8 87.42 86.45 86.63 85.37 86.18 
9 96.47 97.18 96.00 96.28 95.45 
Calc. ·transit 
time 10.532 . 10.641 10.598 10.591 10.513 10.529 
' ' Temperatures, degrees c. \ 
-2la 
-63a Pulse number -27.5a -60 -70 -84 
1 11.64 11.60 11.54 11.55 11.50 11.55 
2 22.07 22.07 21.83 21.89 21.78 21.78 
3 32.82 32.39 32.54 32.54 32.21 32.22 
4 43.18 43.18 42.72 42.82 42.80 42.58 
5 53.73 53.54 53.17 53.09 53.03 52.76 
a Salol c·ouplant was used in place of Duco cement. 
Table 7 (continued) 
Temperatures, degrees c. 
Pulse number -2la -27.5a -60 -63a -70 -84 
6 . 64.27 64.09 63.48 63.54 63.48 63.12 
7 74. T5 74.73 73.98 74.09 73.83 73.71 
8 85.27 84.88 84.28 83.80 
9 95.73 95.28 94.48 94.37 93.98 
Calc. transit 
tj,me 10.500 10.483 10.412 10.477 10.408 10.361 
Temperatures, degrees c, 
Pulse number 
-95 -123 -152 -178 
1 11.38 11.38 11.51 
2 21.80 21.52 21.56 
3 32.13 31.81 32.22 29.56 
L~ 42.41 42.08 41.90 41.45 
5 52.72 52.31 52.08 51.27 6 63.12 62.62 62.22 62.30 
7 73.62 72.98 72.58 72.30 
8 83.80 82.98 82.90 
9 93.98 93.30 92.90 
Calc. transit 
time 10.268 10.270 10.227 10.198 
- ---.. -
84 
Table 8. Echo arrival times in microseconds for a thorium 
single crystal of skew orientation. Shear mode 
measurements with the X-axis at the Y-gut quartz 
driver crystal perpendicular to the (011) plane of 
the sample. Sample thickness = 0.2801 ± 0.0001· 
r inch at 28 degrees C, 
Temperatures, degrees c 
Pulse number 98 74 63.5 52 42 29 
1 9.75 9.53 9.61 9.65 9.48 9.53 
2 18.18 18.06 17.75 18.01 17.82 17.92 
3 26.34 26.14 26.16 26.22 26.02 26.01 
4 34.63 34.43 34.36 34.45 34.35 34.21 
5 43.14 42.86 42.72 .42. 64 ,42. 59 42.36 
6 51.36 50.05 50.91 50.91 50.77 50.64 
7 59.55 59.22 59.09 59.08 58.95 58.82' 
8 68.09 67.60 67.40 67.36 ' 67.18 67 .oo , 
9 76.32 75.95 75.68 75.55 75.45 75.36 
10 84.63 84.18 83.96 83.82 83.54 83.46 
11 92·. 96 92.46 92.20 92.09 91.73 91.64 
12 101.26 100.63 100.36 100.36 100.09 100.09 
Calc. transit 
time 8.324 8.278 8.255 8.248 8.229 8.207 
- ---- - ---
Temperatures, degrees c. 
Pulse number 27.5 9 -8 -52 -71.5 -88 
1 9.22 9.22 9.22 9.22 9.22 9.22 
2 17.48 17.48 17.48 17.39 17.21 17.39 
3 25.53 25.53 25.89 25.58 25.36 25.36 
4 33.89 33.62 33.80 33.62 33.35 33.44 
5 41.95 42.02 42.04 41.76 41.36 41.45 
6 50.18 49.82 50.18 49.82 49.38 49.38 
7 58.23 57.96 58.41 57.87 57.42 57.42 
8 66.47 66.02 66.38 66.02 65.47 65.47 
9 74.62 74.17 74.62 74.12 73.57 73.52 
10 82.76 82.40 82.67 82.22 81.58 81.54 
11 90.91 90.45 90.91 90.36 89.73 89.45 
12 99.15 99.68 99.15 9~ o23 97.69 97.78 
Calc. transit 
time 8.148 8.095 8.145 8.093 8.025 8.024 
linearly .interpolating echo readings from the nearest marker 
readings. 
A slow drift in the zero setting of the sweep delay cir-
cuit occurred, but since it was recalibrated within a minute 
after each set of echos was measured, it did not affect the 
accuracy of the measurements. However, this drift was evident 
. 
in that for a given temperature the data would fit an equaticn 
· of the form y = mx - b, but the intercept, b, would not 
necessarily be the same as in other runs. 
The slope of a plot of echo arrival times versus echo 
number was taken as the apparent transit time of the sound · 
pulse per round trip through the sample. Since slopes for 
a large number of runs were required, a study was made to see 
whether a shorter method than a least squares treatment could 
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be found. A graphical method was adopted that seemed to give 
results comparable to the least squares treatment. For 
example, the least squares slope for the longitudinal measure-
ment at 128.5 degrees c.was 4.684 microseconds, as compared 
to a value of 4.686 microseconds by the graphical method. 
The graphical method was used exclusively on the rest 
of the pulse-echo data. It consisted of picking a reference 
line close to the line defined by the data, and plotting 
differences between this line and the individual arrival 
times versus pulse number. A line was d;t"aWn by inspection 
through the points in this plot and its slope calculated. 
The transit time then was equal to the algebraic sum of the 
slopes of the reference line and the constructed line. 
In order to calculate velocities from pulse-echo data, 
corrections must be made to the measured transit times. 
The method employed here is to use the stiffne~coefficient, 
Q, at one temperature for the ~l~ direction from resonance 
data. Q is a function of ell, cl2 and c44 as expressed by 
the equation: 
Q r11~ = 
ell + 2Cl2 + 4c44 
3 
For the same temperature, the perturbation equations discussed 
in Section III are solved for the three elastic constants, 
using no correction for transit time, and a calculated Q is 
obtained. The difference between the Q determined by the 
resonance method and the calculated Q is proportioned 
between the elastic constants as a constant percentage 
correction. The corrected constants are substituted in 
the perturbation equations and apparent transit times are 
calculated. The differences between these times and the 
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measured times are used as corrections for the rest of the 
measurements. 
Transit time corrections were evaluated at 28 degrees 
c. and checked by solving the perturbation equations at 
+70 degrees c. and -50 degrees C.using corrected transit 
times. Calculated values of Qat these two temperatures 
were within 0.20 per cent of those given by the resonance 
method as shown in Figure 16. The values of the correction 
terms were 0.045 microsecond for the longitudinal measure-
ments leading to the calculation of v1 , 0.106 microsecond 
for the shear measurements leading to the calculation of 
v2, and 0.081 microseconds for the shear measurements leading 
to the calculation of v3 . Table 9 presents the velocity 
calculations using these corrections, and Figures 26, 27 
and 28 show these data plotted versus temperature. Figure 
26 is a plot of the velocity of the longitudinal mode. 
Figure 27 is a plot of the velocity of the shear mode 
polarized parallel to the (Oll) plane of the sample, and 
Figure 28 is a plot of the velocity of the shear mode 
polarized perpendicular to the (Oll) plane. Curves were 
drawn by inspection to fit these data. Values were picked 
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Table 9. Calculated sound velocities from pulse-echo data. 
Corrections for couplant are: Tv3 - -0.081 mic rosecond Tv2 - -0.106 II 
Tv1 = -0. 045 11 
Corrected 
Temp. Transit transit 
dEJgrees time time Thickness Velocity 
Mode c. microsec. microsec. inch em/sec x 10-5 
a 98 8.324 8.243 .2803 1.727 v3 
74 8.278 8.197 .2803 1.737 
63."5 8.255 8.174 .2802 1.741 
52 ' 8. 248. 8.167 .2802 1.~(43 
42 8.229 8.148 .2802 1. 747 
29 8.207 8.126 .2801 1.751 
27.5 8.148 8.067 .2801 l.764 
9 ' 8.095 8.014 .2800 1 .775 ' 
- 8 8.145 8.064 .2800 1.764 
- 52 8.093 8.012 .2799 1.775 
- 71.5 8.025 7. 9L~4 .2798 1.789 
- 88 ' 8. 024 7.943 .2797 1.789 
-117 7.965 7.884 ' .2797 1.802 
-148 7.937 7.856 .2796 1.8'08 
-171 7.952 7.871 .2795 1.804 
-190 7.939 7.858 .2794 1.806 
-196 7.933 7.852 .2794 1.808 
b 98 10.785 10.679 .2803 1.333 v2 
90 10.752 10.646 .2803 1.338 
76 10.700 10.594 .2803 1.344 
62 10.681 10.575 .2802 1.346 
53.5 10.668 10.562 .2802 1.348 
42 10.595 10.489 .2802 1.347 
29 10.632 10.526 .2801 1.352 
28.5 10.641 10.535 .2801 1.351 
27.5 10.598 10.492 .2801 1.356 
11.5 10.591 . 10.485 .2800 1.357 
aShear mode polarized perpendicular to the \1_1!) - )jo§J 
direction on sample face. 
bShea~ mode polarized parallel to the1 (l1=!] - ~o(J 
direction on sample face. 
: 
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Table 9 (continued) 
I, 
' 
Corrected 
Temp •. Transit transit 
degrees time time · Thickness Velocity 
Mode c. microsec. microsec. inch em/sec x lo-5 
3 10.513 10.407 .2800 1.367 
20 10.529 10.423 .2800 1.365 
. - 21 10.500 !0.394 .2800 1.369 
- 27.5 . ,_r io. 483 0.377 .2799 1 ~- 370 
60 . 10.412 10.306 .2798 1.379 
63 10.477 10.371 .2798 1.371 
- 70 10.408 10.302 .2798 1.380 
- 84, 10.361 10.255 .2798 1.386 
- 95 10.268 10.162 .2797 1.398 
-123 10.270 10.164 .2796 1.398 
-152 10.227 .10.121 .2795 1.403 
-178 10.198 · 10.092 .2795 1.407 
I 
v c 128."5 4.684 4.639 .2821 3.089 1 76 "~l 4.651 4.606 .2820 3.110 
. ' 41 4.622 4.577 .2818 3.128 
32 4.630 4.585 .2818 3.122 
28 4.602 4.557 .2801 3 .J,23 
3.5 \ 4.596 4.551 .2800 3.126 
- 9 4.612 4.567 .2800 3.115 
- 18 4.597 4.552 .2817 3.144 
- 25.5 4.593 4.548 .2799 3.126 
- 52.5 . 4. 584 4.539 .2799 3.133 
- 66 4 • .583 4.538 .2798 3.132 
- 68 J 4.580 4.535 .2815 . 3.153 
... 83 4.581 4.536 .28~5 3.153 
- 98.5 . 4. 564 4.519 .2797 3.144 
·-131. 5 4.562 4.517 .2796 3.145 
-161.5 4.536 4.491 .2795 3.162 
-179 · 4.529 4.484 .2795 3.167 
-187 4.545 4.500 .2811 3.173 
-188 4.526 4.481 .2794 3.168 
-189 4. 519 ' 4.474 .2794 3.173 
0 Longitudina1 mode. 
410 
G .36 
I 0 
.32 
-)( 
0 
.28 z 
0 
0 
.24 LLI (/) 
a: .20 ~ 
.16 
(/) 
a: 
. 12 LLI 
t-
LLI 
.08 :E 
t= 
z 
.04 LLI 
0 
~ 3.00 
t:: 
0 .96 g 
LLI 
.92 
> 
-
.88 
2B9 
-270 -230 
Figure 26. 
-__,..,~ . ..._____. __ _____ 
• • 
• • • 
• • • 
• 
l 
-190 -150 -110 -70 -30 +10 +50 
TEMPERATURE, DEGREES CENTIGRADE 
Measured longitudinal velocity for a skew direction in 
a thorium single crystal versus temperature. The 
cosines of the direction are 11 = 0.80992, m1 = 0.401235 
and n1 = 0.427832 
+90 
( • 
' 
\() 
0 
ID 
I 
.66 
.62 
0 .58 
)( 
0 
z 
~ 
(/) 
a:: 
w 
Q.. 
(/) 
a:: 
w 
1-
w 
:E 
i= 
z 
w 
0 
>= 1-
-0 
0 
;_J 
w 
> 
.54 
.50 
46 
42 
.38 
.34 
.30 
.26 
.22 
.18 
.14 
• 
LIO L------'---..L.------'----"------L--_...._ __ .__ _ __.__ _ ...._____.6 
-270 -230 -190 -150 -no -10 -30 + 10 +50 
TEMPERATURE, DEGREES CENTIGRADE 
+90 
Figure 27. Measured shear velocity for a skew direction in a thorium 
single crystal versus temperature. The polarization 
direction is parallel to the (011) plane and the cosines 
at the propagation direction are 11 = 0.80992, m1 = 0.401235 
and n1 = 0.427832 
\..0 
....... 
/ 
.06 
10 
2D2 
I 
0 
.98 )( 
0 
.94 z 
0 
0 
.90 LLJ 
U) 
a:: .86 
LLJ 
.:L 
.82 
U) • • • 
a:: 
.78 LLJ 
~ 
w 
.74 ::E 
~ .70 
LLJ 
0 
~ .66 
~ 
0 .62 0 
_J 
LLJ 
.58 > 
.54 
L50 
-270 -230 -190 -150 -110 - 70 -30 +10 +50 +90 
Figure 28. 
TEMPERATURE, DEGREES CENTIGR·ADE 
Measured shear velocity for a skew direction in a thorium sin le c;vystal versus temperature. 
The polarization direction is perpendicular to the (O!l) plane and the cosines of the propa-
gation direction are ~ = 0.80992, ~ = 0. 401235, and n1 = 0.42?832 
, 
-.() 
1\) 
93 
from the curves at intervals and used to calculate elastic 
constants by the iteration solution of the perturbation 
equations. The results of these calculations are shown in 
Table 10 and presented in graphical form in Figures 29 , 30 
and 31. Table 10 also shows the excellent agreement between 
the values of Q calculated from the elastic constants 
obtained from pulse-echo measurements and those measured by 
the resonance technique on the [11~ oriented crystal . 
VII . DISCUSSION 
The values of the elastic constants in Table 10 have 
been reported to 0 .005 dyne-cm2 to indicate the smoothness 
of the data and not as an indication of the accuracy of 
the measurements . A statement of the accuracy of these 
constants must be based on the a gr e ement between the two 
independent methods used, as well as an accounting of the 
systematic errors for each method. 
The resonance measurements produced values of the 
stiffness coefficient , Q [ll~ • Figure 16 indicates a 
slight drift toward lower values of Q with decreasing 
temperature, when ethyl alcohol was used as the medium. 
Comparison with values of Q r, ~ calculated from the pulse-
~1~ 
echo data shows that this drift is a systematic error. The 
point obtained using liquid nitrogen agrees within 0 . 24 
per cent of pulse - echo data, indicating the curve shown 
in Figure ~6 is the correct interpretation of the data . 
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Figure 29. Plot of the elastic constant, c 11 , for thorium versus 
temperature, from data in Table 10 
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Figure 30. Plot of the elastic constant, c12, for thorium versus 
temperature, from data in Table 10 \0 IJ1 
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Figure 31. Plot of the elastic constant, c44, for thorium versus 
temperature, from data in Table 10 
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Table 10. 
Temp. 
degrees · K, 
0 
80 
100 
120 
140 
160 
180 . 
200 
220 
240 
260 
280 
300 
320 . 
340 
360 
380 
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Elastic constant calculations from pulsr-echo 
data. A~l values given in units of 10+ 1 
dyne-em- · 
Elastic constants Stiffness coef. fuiJ 
I . Qpulsea Qresb I Per cent ell · cl2 c44 difference 
7.8 4.8 5.15 12.67 
7.770 4.820 5.110 12.62 12.65 +0.24 
7.755 3.820 5.095 12.59 J 12.60 +0.08 
7 .740 4.825 5.075 12.56 12.55 -0.08 
7.720 4 .. 830 5.050 12.53 12.51 -0.16 
7,700 4.835 5.020 12.48 12.46 -0.16 
7.675 4.840 4.990 12.44 12.41 -0.24 
7.655 4.845 4.960 12.40 12.37 -0.24 
7.620 ,4.855 4.930 12.35 12.32 -0.24 
7.605 4.860 4.890 12.30 12.28 -0.16 
7.580 4. 870 1+. 855 12.25 12.23 -0.16 
7.560 4.880 4.820 12.20 12.18 . -0.15 
7.530 4.890 4.780 12.14 12.14 I 0.00 
7.510 4.905 4.745 12.10 12.09 . -0.08 
7.480 4.915 4.705 12.04 12.04 o.oo· 
7·.455 4.925 4.665 11.99 
7.430 4.940 ~.625 :u.94 
a . ell + 2cl2 + 4c44 
. QJ(ulse = 
3 b 
4f 2t 2 Qres - from resonance measurements. 
-
, 
r 
The empirical resonance equation has been successful 
in correlating resonance data on copper single crystals. 
The agreement between the room temperature value of c11 
for copper and the value reported by Overton and Gaffney 
(19) was within 0.1 per cent. Since the measurements of 
Overton and Gaffney appear to ~e very accurate, this 
agreement indicates that the empirical equation is precise 
for the smaller values of thephase shift term, ¢/n. 
The total of the systematic ernors in the resonance 
method other than those arising from the use of the empirical 
equation would indicate a maximum uncertainty in the measure-
ment of Q~~ for thorium of 0.8 per cent. 
is based on: 
-
This calculation 
1. A possible error in density measurement equal to 
the difference between the measured and theoretical or X-ray 
density. This error is 0.03 g-cm-3. 
2. A limit of 0.0001 inch on the precision to which 
the sample thickness could be determined. 
3. A limit of 500 o,Ycles on the precision of the ·.final 
resonance velocity calculations• 
The systematic errors in the pulse-echo measurements are 
in sample thickness measurement, choice of density, total 
transit time evaluation and the transit time correction. 
The total of the systematic errors other than transit time 
places a maximum uncertainty on the values of ~2 of 0.6 
per cent. The transit time correction is by far the largest 
:.. 
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source of uncertainty. If this correction were not applied 
the resulting values ofj?v2 would be as much as 6 per cent 
different from the corrected values. 
Once this correction was applied at one temperature by 
comparison with the resonance value of Q ~l~ , the maximum 
difference between the resonance and pulse-echo Q values at 
any temperature was only 0.24 per cent. is a function 
of all three constants. Therefore, i .t seems probable that 
the maximum error in each elastic constant from the uncertainty 
in the transit time correction is less than 0.24 per cent. 
An apparent discrepancy was observed in the solution 
of the perturbation Equations II. The resulting values of 
c11 , c12 and c44 for several temperatures were substituted 
in the secular equation and this equation solved for values 
of /v1 2 , f v 2 2 and fv 3 2 . The answers for /v 12 and ?v 32 were 
within 0.1 per cent of the original values used in the 
perturbation solution, but the value for~22 was consistently 
about 0.5 per cent different. There are two possible 
reasons for this discrepancy. One is that the perturbation 
solution is only an approximation and more terms would 
need to be added to the Equations II to get a more exact 
solution. The other reason could be that the secular equa-
tion for~v22 is particularly sensitive to the number of 
significant figures carried along throughout the solution. 
However, at least five significant figures were carried at 
all times. 
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In view of the above discussion, it would seem reason-
able to assume that the maximum uncertainty in the reported 
elastic constants is one per cent, and thatthe probable 
error is closer to 0.5 per cent. 
Comparison of the elastic constants with elastic 
properties of the polycrystalline material is not possible 
to a high degree of accuracy except in the case of compres-
sibility. This is a volume dependent property and should 
be the same for both polyorystalline metal and single 
crystals. 
Table ll shows the calculated compressibility for a 
series of temperatures. The room temperature value of 
17.3 x lo-13 cm2-dyne-l can be compared to a value of 
16.4 x lo-13 cm2-dyne-1 from Table l, measured ultrasonically 
on polycrystalline thorium, and 18.5 x l0-l3 cm2-dyne-l 
calculated from data by Bridgman (34). 
Table ll also shows values of the anisotropy factor. 
This factor is unity for an isotropic material, and is 
usually between one and ten for metals. 
. 
... 
L 
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Table 11. Temperature dependence of the anisotropy factor 
and compressibility as calculated from the ·elastic 
constants reported in Table 10 
--- - --- --- -· ~--
Temperature 
degre.es c. 
0 
80 
100 
120 
140 
160 
180 
200 
220 
240 
260 
280 
300 
320 
340 
360 
380 
Anisotropy 
factor 
2c44 
3.4a 
3.46 
3.47 
3.48 
3.49 
3.50 
3.52 
3.53 
3.55 
3.56 
3.58 
3.60 
3.62 
3.64 
3.67 
3.69 
3.71 
k = 
aExtrapolated value. 
Compressibility 
3 x 10-l3 cm2-dyne-1 
ell + 2cl2 
17.2 
17.2 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
17.3 
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